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Abstract 
A limb of a tree is the union of one or more branches at a vertex in the tree, where a branch 
of a tree at a vertex is a maximal subtree containing the given vertex as an end-vertex. In this 
note, we first consider the enumeration of trees (undirected, oriented or mixed) with forbidden 
limbs. The enumeration result for trees with a single forbidden limb proves directly that the 
number of trees (undirected, oriented or mixed) with a forbidden limb is independent of the 
structure of the limb (in the undirected case, Schwenk has given a bijective proof). We further 
extend the method to enumerate trees with a number of forbidden limbs. Finally we enumerate 
trees with respect to the number of vertices and the number of edge-disjoint limbs that are 
isomorphic to a given limb. Many examples are given for illustration. 
1. Introduction 
As in [3], a brunch of a tree at vertex v is a maximal subtree containing v as an 
end-vertex; a limb of a tree at v is the union of one or more branches at v, where 2: is 
called the base of the limb. The size of a limb is the number of edges in it. A rooted 
tree itself can be viewed as a limb (or a branch if the root of the tree is an end- 
vertex) whose base is the root of the rooted tree. Analogously defined are the oriented 
and mixed limbs (branches). For example, M-trees, as defined in [2], are the trees 
not having Kt,z, based at the vertex of degree two, as a limb. Terms not specifically 
defined follow [ 11. 
To enumerate trees with a forbidden limb, Schwenk [3] first proved bijectively that 
the number of trees not having a given limb is independent of the structure of the 
limb, and then enumerated trees with a forbidden limb KI,, based at the vertex of 
degree n - 1. The proof, as one can imagine, is complicated. We shall prove this 
result, in Section 2, directly by enumerating trees with a general forbidden limb. As a 
comparison, we find that our proof is easier and enables us to prove similar results for 
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oriented trees and mixed trees. Moreover, with this method, we are able to enumerate 
trees with a number of forbidden limbs. 
In Section 3, we give an illustrative example to show that the result for trees with 
a single forbidden limb has to be modified to enumerate trees (undirected) with two 
forbidden limbs. These trees, as well as oriented and mixed trees with two forbidden 
limbs are enumerated. More examples are given to elucidate the results. By analogy, 
we can modify the method so as to enumerate trees with more than two forbidden 
limbs. The enumeration of oriented and mixed trees with more than two forbidden 
limbs is also included. 
In Section 4, we present a general result that enumerates trees with respect to the 
number of vertices and the number of edge-disjoint limbs that are isomorphic to a 
given limb. 
2. Trees with a forbidden limb 
The absolute of a rooted tree is the unrooted version of the same tree. Given a 
limb L with base v, consider the set W of trees T rooted at u such that either its 
absolute has no limb L, or any appearance of the limb L has base different from u 
but contains u. We say that T is an .%-tree (with forbidden limb L) if T E W. Write 
B(x) = c,,, &?)p xp to denote the generating function for W-trees (notice the usage 
of 9(n) and 99). We make no use of Schwenk’s bijective argument and enumerate 
directly those trees with any given forbidden limb. 
Theorem 1. The generating functions B?(x) for B-trees, and r(x) for unrooted trees 
with forbidden limb L satisfy 
9?(x) = (x -x”+‘) n (1 -xp)-dp, 
pai 
(1) 
r(x) = .9?(x) - Jj {S%(X)~ - 9(x2)}. (2) 
Proof. If we write (1) as 
x n (1 _ xP)-.% - x.2 fl(l -xp)-9p, 
p>l pa1 
then the validity of (1) becomes clear, since the first term counts those rooted trees 
such that if L is a limb of any such rooted tree then the base of L coincides with the 
root of the tree; the second term just counts those trees with at least a limb L at the 
root of the tree. The difference is what we want. 
The proof of (2) requires more thought. Although (2) has precisely the form of 
Otter’s formula for trees, it has to be proved that it also holds for trees with forbidden 
limbs. 
Let 991 be the set of the unrooted trees T with a limb L which can be rooted 
to get an a-tree. For distinction, we use pT, q; and si to denote the number of 
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the dissimilar vertices, the number of dissimilar edges and the number of symmetry 
edges in T E 92, respectively. We reserve p*, q* and s for unrooted trees that have 
no limb L. By the dissimilarity characteristic theorem for trees we have (p; - 1) - 
(q; - sl ) = 0. Sum up all these identities over all trees T of order p in &%‘I, and write 
C’( p; - 1) - C’(q; - SI ) = 0. For th ose unrooted trees of order p without limb L, 
we have p* - (q* - s) = 1. The summation (denoted as C”) over all such trees gives 
C” p* - C”(q* - s) = c” 1. Notice that p; - 1 is the number of ways to choose 
a vertex other than the root of L, in T E 921 as the root. Let XI be the number of 
dissimilar vertices that can be chosen as the root of a tree in 91 to get an 9?-tree, 
and write py - 1 = x1 + x2. So c’ XI counts the number of trees of order p in 591. 
Clearly C” p* counts the number of trees in 8 whose absolute has no limb L. Hence 
c’x, + c” p* = gP. Similarly we can write qf - s1 = ~1 + ~2 with ~1 being the 
number of dissimilar edges (non-symmetric) that can be chosen as the root edge so 
that the resulting edge-rooted tree has no limb L or else that L contains the root-edge; 
~2 being the other dissimilar edges. It is not difficult to prove that x2 = ~2. Hence 
C’(p; - 1) + c” p* - C’(q; - s1) - c”(q* - s) 
= w, - (C’&l + c”(q* - s)). 
It is clear that C’ EI + C”(q* - s) is the number of edge-rooted trees of order p 
obtained by joining two distinct rooted trees in W by an edge between their roots. The 
generating function for these numbers is Z(A2 -& 4!(x)). So the generating function for 
the numbers C’(pr--l)+C”p*-C’(q;-sl)-C”(q*-s) is ~I’(x)-~(~?~(x)--~(x~)). 
Now since C’ 1 is the number of unrooted trees of order p without limb L, and the 
corresponding generating function is T(X), thus (2) holds. 0 
It turns out that the proof above is no harder than the enumeration part of 
Schwenk’s proof. The advantage here is that, by ( 1) and (2) the following result holds 
immediately. 
Corollary 1 (Schwenk [3]). Let Tl and T2 be two rooted trees. Zf tb (ti) is the 
number of trees of order p with no limb Tl (T2, resp.), then tb = t;. 
We now consider oriented and mixed trees and ask if the similar results hold? The 
answer to this question is ‘yes’. We list Theorems 2 and 3 below without proof (the 
proofs are similar to that of Theorem 1). 
Theorem 2. Let L be an oriented limb of size n. Zf CAP’(x) and r”(x) are the generating 
functions for the oriented trees in 9P (defined similarly to W) and oriented trees 
without limb L, respectively, then 
@ (x) = (x - xn+l ) I-j (1 - xyq 
p31 
r’(x) = 9’ (x) - 9’ (x)~. 
(3) 
(4) 
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Theorem 3. Let B?‘“(x) be the generating function for the mixed trees in 9P’ (defined 
similarly to 92 and SF’), and rm(x) be that for mixed trees without mixed limb L (of 
size n). Then 
9p (x) = (x - xn+‘) n (1 - xp>y;, (5) 
pa1 
F(x) = 9P (x) - +B”” (x)~ + ;W” (x2). (6) 
From Theorems 2 and 3 we deduce that 
Corollary 2. The number of oriented trees of order p not having a specified oriented 
limb is independent of the structure (but depends on the size) of the oriented limb. 
The same result holds for mixed trees. 
3. Trees with more than one forbidden limb 
We assume that all forbidden limbs (as a set) considered are independent in the 
sense that of any two neither can be a limb of the other. We remark that the bases of 
the limbs are important. For example, the two limbs shown in Fig. 1 are independent. 
We first consider the enumeration of trees with two forbidden limbs. As we shall 
see, the method can be easily modified to the enumeration of trees with more than two 
forbidden limbs. 
Let F(x) = C Pa, q xp be the generating function for the rooted undirected trees 
with two given forbidden limbs LI and L2 (rooted in the same sense as 9). Call such 
rooted trees ztrees. 
Theorem 4. Let Ll and L2 be two given forbidden limbs of size m and n respectively. 
Suppose L is the maximal common sublimb of L1 and Lx. If L is of size k, then 
- F-(X) = (x _ xm+l _ x”+’ + x”+“+l-k) n (1 _ xP>-, P. (7) 
p>l 
The proof of (7) is almost the same as that of (1) except that in (7) we subtract 
xmil +x”+’ for those rooted trees which have a limb L1 or L2 at the root of the tree, 
add x”‘+“+~-~ for those trees with a limb L1 uL~ \L at the root of the tree that we have 
subtracted twice. Here L1 U L2 is the tree obtained by identifying the bases of LI and 
Fig. 1. 
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Fig. 2. 
Fig. 3 
L2 (clearly Lt U L2 has two edge-disjoint copies of L); and L1 U L2 \ L (or L, $ Lz for 
simplicity) is obtained by removing one limb L from LI U L2. One may read LI @ L2 
as ‘the direct union of L1 and L2’. 
Let t(x) be the generating function for the unrooted trees with forbidden limbs L1 
and Lz. Write the pth coefficient of t(x) as [xP]t(x) = t,. Unlike (2) we cannot 
always use Y(x) - i {F(x)’ - 7(x’)} t o calculate t(x). To illustrate, let L1 and L2 
be the two limbs in Fig. 1. Applying (7) we get 
y(x) =x+x2 +2x3 +4x4+7x5 + 16x6 +38x7 +89x* +217x9 +535x” f.... 
Now y(x) - i {F(x)~ - y-(x*)} gives 
But this is not t(x), for instance, t5 = 2 (see Fig. 2) but the coefficient of x5 is not 
equal to 2. 
The reason that this happens is that there is only one way to root (vertex) 
P5 (a path on 5 vertices) to get a Ttree, but there are two dissimilar edges in 
P5 whose deletion results in two distinct Ftrees each with a natural root. Hence, 
t5 = 75 - [x5]Z(A, - s2, F (x)) + 1. 
Given an unrooted tree T, if there are k ways to root T to get a ?%ree, then we say 
that T is counted k times in y(x); if there are 1 dissimilar edges in T whose deletion 
result in two distinct ztrees, then we say that T is counted 1 times in Z(Az-&,F(x)). 
A vertex u of T is rootable if we get a %tree by rooting T at u. An edge is rootable 
if the deletion of that edge gives two distinct %rees. 
Lemma 1. If T is a tree that contains either LI or L2 as a limb, then it is counted 
at least as many times by Z(A2 -&y(x)) as by y(x). Call such tree T a problem 
tree if it is counted at least once more by Z(A2 - &,y (x)) than by F(x). Cull the 
actual difference of the two numbers the problem number. 
Lemma 2. If T is a problem tree, then T is of the form as illustrated in Fig. 3 with 
problem number 1. 
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Fig. 4. 
Fig. 5. 
Proof. If T is a problem tree, then T contains both Li and Lz as its two limbs (proof 
by contradiction using the result in Section 2). We next prove that every edge of T 
belongs to at least one given forbidden limb. For otherwise, let e = (u, u) be an edge 
of T which belongs to neither LI nor L2. Denote the two subtrees of T - e by T, and 
T2, respectively, with u E Tl and o E T2. If both Tl and T2 contain forbidden limb(s), 
then T is not counted either by y(x) or by Z(A2 - &,7(x)), thus T cannot be a 
problem tree - a contradiction. Therefore, we can assume that T2 contains neither 
LI nor L2 as a limb. So u is not rootable, neither is any vertex in T2. Also no edge 
in T2 is rootable. For any rootable edge (x, JJ) in Tl, if x is at a distance farther 
to U, then x is rootable. Hence, the number of rootable dissimilar vertices is equal 
to the number of rootable dissimilar edges; thus T is not a problem tree. This is a 
contradiction. 
It is clear that the rootable edges of T must induce a subtree of T, that is, the 
intersection of LI and L2 in T. Therefore T is of the form shown in Fig. 3, and also 
the problem number of T is 1. 0 
Notice that a problem tree produced by two given forbidden limbs may not be 
unique; for example, the two limbs in Figs. 4 and 5 produce two problem trees. 
Theorem 5. Let B be the set of all problem trees produced by two given forbidden 
limbs L, and Lx. Then the generating function t(x) for trees with forbidden limbs LI 
and LZ is given by 
t(x) = c x0(T) + F(x) - $ {F(x)2 - F(x’)} ) 
TEO 
where o(T) is the order of T. Call the first term the error term. 
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From Lemma 2, we see that it is not too difficult to find B provided that the two 
limbs L1 and L2 are not too complicated. It is clear that for every T in 9, 
max{o(L~),o(L~)}~o(~)~o(L1)+o(L~)-2. 
Before we move on, let us do some examples. 
Example 1. The only problem tree produced by the two given limbs in Fig. 1 is P5, so 
by (8) we add up the error term x5 and get the correct generating function (the number 
affected by the error term is underlined, so as for other examples thus to come): 
Example 2. The two forbidden limbs LI and L2 are shown below; they produce two 
problem trees (Fig. 4(a) and (b)). 
Since the two forbidden limbs above are all of size 4, we get the same F(x) as in 
Example 1. This time there are two problem trees of order 5 and 8 respectively, so 
from (8) we get 
Example 3. Two forbidden limbs LI and L2 in Fig. 5 produce two problem trees of 
order 9 and 11, respectively. From (7) and (8) we have 
~(x)=(x-x’-xs+x’s) fl(l -xP)-%, 
p>l 
t(x) = (X9 + .‘I) + Y(x) - ; {Y(X)2 - Iqx2)); 
thus, 
y(x) =x+x2+2x3+4x4+9x5+20~6+47x7+112x8+279x9 
+ 701x” + 1794x” + 4636~‘~ + 12130~‘~ + . . , 
t(x) = x +x2 +x3 + 2x4 + 3x5 + 6x6 + 10x’ + 21x8 + ax9 + 100x” 
+=x1’ + 522~‘~ + 1234~‘~ + . . . . 
Consider oriented and mixed trees with two forbidden limbs, and let y”, t ‘-‘, Frn 
and t m be the corresponding generating functions. We again use B for the set of 
problem trees in both the oriented case and the mixed case. Similarly we have 
Theorem 6. Let L1 and L2 be two given forbidden oriented limbs of size m and n 
respectively. Suppose L is the maximal common sublimb (size k) of L1 and L2 (at 
the bases of L1 and Lz), then, 
ye(x) = (x _ Xm+’ _ xn+’ + Xm+n+l-k) n (1 _ x”)-‘%‘: (9) 
p>l 
t”(x) = c xOcr) + F(x) - TO(x)? (10) 
TEY 
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Theorem 7. Let LI and L2 be two given forbidden mixed limbs of size m and n, 
respectively. Suppose L is the maximal common sublimb (size k) of L1 and L2 (at 
the bases of L1 and L2), then, 
T-m@-) = (X _ xm+’ _ y+’ + Xm++k) n (1 _ x”)-3T’: 
pa1 
(11) 
l”(x) = c x”tT) + T-” (x) - p=y”(x)2 + $T” (x2). 
TED 
(12) 
Instead of proving Theorems 6 and 7, whose proofs are similar to that of Theorem 4, 
we give some illustrative examples. 
Example 4. Let LI and LZ be two forbidden oriented limbs obtained from P3 with 
two edges oriented away from the middle vertex, where L1 takes the middle vertex 
as the base while L2 takes one of the end-vertices. The only problem oriented-tree 
produced by LI and L2 is P3 with two edges oriented away from the middle vertex. 
Then applying Theorem 6 we get 
F-o(X) = (X - 2x3 +x5) n (1 - xP)-2Qo, 
pai 
= x + 2x2 + 5x3 + 18x4 + 70x5 + 282X6 + 1189x’ + 5144x8 
+ 22 804x9 + 102 908x” + . . . , 
to (x) = x3 + (P(x) - P(xy) 
= x + x2 + a3 + 4x4 + 14x5 + 45x6 + 165x’ + 614x8 + 2420x9 
+ 9782x” + . . . 
If we take the same L1 as above and take L2 as the limb obtained from LI by 
reversing the direction of one of the two arcs in L,, then L1 and L2 have a com- 
mon sublimb of size 1 but they produce no problem trees. Applying Theorem 6 we 
have 
p(x) = (x - 2x3 +x4> n (1 - xP)--2e 
pa1 
= x + 2x2 + 5x3 + 19x4 + 73x5 + 297x6 + 1256x’ + 5467x8 
+24368x9 + 110610~~~ +..., 
t”(x) = Y-“(x) - TO(x)2 
= x + x2 + x3 + 5x4 + 15x5 + 50x6 + 180x’ + 676x8 + 2666x9 
+ 10831~‘~ +.... 
Example 5. Orient some edges in the two limbs of Fig. 4 to get two forbidden mixed 
limbs as shown in Fig. 6. 
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Fig. 6. 
Since Ll and L2 now produce just one problem mixed tree (Fig. 6(a)) of order 9, 
by Theorem 7 we have 
P(x) = (x - x7 --s +x13) n (1 _q-3% 
pa1 
= x + 3x2 + 1 5x3 + 82x4 + 495x5 + 3 144x6 + 20874x’ + 142 766x8 
+ 1000 083x9 + 7 136 463x” + 51699614x” + 379214625~‘~ 
+2810720045~‘~ f..., 
t”(x) = x9 + (P (x) - $P(X)2 + ;IP (x2)) 
= x + 2x2 + 6x3 + 25x4 + 1 14x5 + 591x6 + 3297x7 + 19 528x8 
+120670x9 +7712276x1o+5O61 164x” +33940023x12 
+231 727313~‘~ + . . . . 
Before moving on to the enumeration of trees with n forbidden limbs, we introduce 
two more terms. Given n forbidden limbs Ll, Lz,. . . ,L,, we define L1 CB L2 @ . CB L, 
as (...(LI $ L2)@ ... @LL,), and use I(Ll,L2, . . . ,L,) to denote the size of L1 @ L2 
@ . . . @ L,. Notice that LI $ L2 @!I . . . CB L, remains unchanged if we permute 
Ll,L2,. . ., and L,. 
Since Ll,L*,..., and L, are mutually independent, different pairs of limbs in 
{Ll,L2,... ,L,} produce different problem trees. One can check that any problem tree 
associated with L1, L2, . . . and L, is produced by just two limbs in {Lt,L2,. . . , L,}. The 
above arguments are also true if L,, Lz, . . . , L, are forbidden oriented limbs or forbidden 
mixed limbs. 
With the preparation above we can now present the general results below. 
Theorem 8. The generating functions F((x),F:“(x) and F”‘(x) satisfy 
F(x) = k c (_l)k-lxI(L,,L,,,...L,,)+l n (l_xP)-T 3 
k=l lSi,<,.,<i&n PBI 
P(x) = 5 c (-l)k-lXI(L,,L’*,...~,, )+l n (1 _xP)-2%o 
k=l l<ij<...<irQn pa1 
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Ll L2 L3 
Fig. I. 
YYY-YY 
Ll L2 L3 Tl T2 
Fig. 8. 
If we again use .GP to denote the set of problem trees (oriented trees or mixed trees, 
according to the context) associated with L1, L2, . . . , and L,, then (8), (10) and (12) 
are still valid for t(x), t”(x) and t”(x). 
Here are two more examples. 
Example 6. The forbidden limbs L,, L2 and LJ in Fig. 7 produce no problem trees, 
hence from (13) and (8) we get 
IQ(x) =(x-X4-x5-X6+X’+X7+X7-X7) n<1-xp,-F 
pal 
=x+~~+2x~+3~~+6~~+12x~+30~‘+67~~+159x~+381x~~+..., 
t(x) = F(x) - ; {F(x)’ - F(x’)} 
Example 7. The forbidden limbs Lr,Lz and L3 in Fig. 8 produce two problem trees, 
hence, applying (13) and (8), we have 
T(x) ~(~-~~-~~-~~+~s+~~+~~~-~~~) fl(l-xp,-T 
p>l 
= x +x2 + 2x3 + 3x4 + 6x5 + 12x6 + 28x’ + 64x8 + 152x9 + 363x” 
+ 883x” + 2165~‘~ + 5375~‘~ + . , 
t(x) = (x5 + x6) + (F(x) - ; { s(x)2 - F-(x’)}) 
=x+~~+~~+~~+2~~+3x~+4x’+9x~+18x~+40x’~ 
+ 84x” + 189~‘~ + 425~‘~ + . . 
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4. A generalization 
This section stems from suggestions made by R.C. Read. 
Instead of forbidding a given limb L from occurring in trees to be enumerated, 
let us set up a new counter (say y) to mark the number of occurrences of L, i.e. the 
number of edge-disjoint limbs that are isomorphic to L. As before we use terms such as 
7 (x, y), t (x, y), T “(x, y), etc. to denote the generating functions for the corresponding 
trees (rooted, unrooted, undirected, oriented or mixed). Theoretically, one can even set 
up counters yi,yz,..., yk for a set of given limbs Li, Lz, . . . , L,+ and enumerate trees 
with respect to the number of vertices in the tree and the number of occurrences of each 
given limb; but that, as we have already seen in Section 3, could be very complicated. 
We just consider the case when k = 1. 
Theorem 9. Let L be a given limb of size n. Zf yp,,, is the number of rooted trees 
(rooted in the same sense as B-trees) on p vertices with m occurrences of L, then 
(16) 
t (x, y) = T-(x, y) - ; { LT(x, y)2 - 7(x2, y”)} (17) 
Proof. It is clear that (x -x”“) nP2 I,m2,,( 1 - xP~~)-~. put counts the rooted trees in 
which no limb L occurs at the root of the tree. So if we multiply (1 -x”y)-’ then we 
end up with the right formula for 7 (x, y). 
Let Y(p,m) be the set of the unrooted trees of order p with m occurrences of L. 
Now we use p;, qT and SI to denote the number of the dissimilar vertices, the number 
of dissimilar edges and the number of symmetry edges in F(p, m + 1) respectively, 
while p*, q* and s are for trees in F(p, m). By the dissimilarity characteristic theorem 
for trees we have 
(PT- 1)-(4;-sl)=o and p* - (q* - s) = 1. 
Let p; - 1 = p1 + p2 and q; - SI = ~1 + ~2 with ci being the number of dissimilar 
edges of T E F(p, m + l), and ~1 the number of vertices which is strictly in a limb 
L, i.e. not the base of L; also write p* = VI + v2 and q* -s = ~1 + ~2 where v2 is the 
number of dissimilar vertices of T E F(p, m + 1) which is not strictly in a limb L - 
which could be the base of L; ~2 is the number of dissimilar edges in T E .F( p, m + 1) 
which is not in a limb L. It is also true that ~1 = ~1 and vi = ~1, hence ,u2 = ~2. 
If we write, for simplicity, CrE,r(p,m+,J as C’ and Cr,_r(P,m) as C2, then 
c’(p; - 1) - C’(qT - Sl) = cl/L, - C'E, = 0, 
and 
c2(P* - 1) - x2(4* - s) = c2v2 - C2E2 = tp,*. 
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Hence 
t p,m = (C1cL1 + c2v2> - (p&l + X2&2). 
We know that the first term is yp,m while the second is 
[Xpy”]; {7(X, y)2 - Y-(x2, y’)} . 
Thus (17) holds. 0 
Example 8. Let the given limb be L = K 1,~ based at the vertex of degree 3. Then 
applying Theorem 9 we have 
F(x,y) =(x-x4)(1 -x3y)-’ p E>Jl -xpy”+~~ 
B,, 
= (x +x2 + 2x3 + 3x4 + 7x5 + 15x6 + 35x’ + 81x8 + 195x9 
+ 473x10 + . . .) 
+(x4+2x5+5x6+ 12x7+31x8+81x9+215x’o+~~~)y 
+(x’ + 3x8 + 10x9 + 3ox’O + .)y2 + (X’O + . . .)y3 + . . . ) (18) 
t(x, y) = IT(X) y) - ; {F(x, y)2 - 7(x2, y’)} 
=(x+~~+~~+~~+2x~+4~~+7~‘+14~~+28x~+61x’~+~~~) 
+ (x4 +x5 + 2x6 + 3x’ + 7x8 + 15x9 + 35x’O + . .)y 
+ (x’ + 2x8 + 4x9 + 9x1° + * . .)y2 + (X’O + . . .)y3 + . . * 
The following are the similar results for oriented trees and mixed trees: 
Theorem 10. 
F-(x, y) = Xyf$ p E>,(l _ xPy”)-2q 
a-, I 
(19) 
P(x, y) = 7-0(x, y) - 70(x, y)2, (20) 
Fyx, y) = Xy$ p K>,(l _ XPym)-3F.:l, 
2, / 
(21) 
t “(x, y) = P(x, y) - pyx, y)2 + &P(X2, y2). (22) 
Clearly, if we set y = 0 in Theorems 9 and 10 then we get the results for trees with 
forbidden limbs-undirected, oriented or mixed. 
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